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ABSTRACT

The original Gisin’s theorem states that all the entangled pure states
of two qubits violate a single Bell’s inequality, namely Clause-Horne-
Shimony-Holt (CHSH) inequality. In this paper we show that all the en-
tangled pure states for n particles also violate a single Bell’s inequality,
namely Hardy’s inequality arising from Hardy’s nonlocality test with-
out inequality. Thus Gisin’s theorem is proved in its most general form
from which it follows that for pure states Bell’s nonlocality and quantum
entanglement are equivalent. In the sense of Gisin’s theorem, Hardy’s in-
equality can be regarded as a natural generalization of CHSH inequality.

1. Introduction

Quantum mechanics violates Bell’s inequalities (Bell, 1964) which hold for
all local hidden variable (LHV) theories. The violations of Bell’s inequalities
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are intriguingly related to quantum entanglement. Gisin (1991) showed that all
the entangled pure states of two qubits violate a single Bell’s inequality, namely
the Clause-Horne-Shimony-Holt (CHSH) inequality (Clauser et al., 1969), with
two different measurement settings for each observer. This equivalence between
entanglement and nonlocality for pure states is referred to as Gisin’s theorem.
The first effort to generalize Gisin’s theorem to multipartite systems was made
by Popescu and Rohrlich (Popescu and Rohrlich, 1992; Cavalcanti et al., 2011)
who showed that all the entangled pure multipartite states violate a set of
Bell inequalities. The central idea in their paper is that for any n-particle
entangled states, there exists a local projection on a subset of n — 2 particles
that leaves the remaining two particles in an entangled state. Based on their
idea, different states may require different inequalities, although they are the
same type, namely CHSH type, but on different bipartite systems. A more
interesting question is that whether or not we can find a single Bell inequality
which is violated by all pure entangled states.

A natural candidate of Bell inequality for this purpose is the Mermin-
Ardehali-Belinskii-Klyshko (MABK) inequality (Mermin, 1990; Ardehali, 1992;
Belinskii and Klyshko, 1993), which is a kind of generalization of CHSH inequal-
ity to n qubits. However, for the following generalized n-qubit GHZ state given
by

[¥)arz = c0s0|0...0) +sin0|1...1), (1)

Scarani and Gisin (2001) found that there is no violation to the MABK inequal-
ities in the case of sin20 < 1/v/27~1. We note that only full correlations are
involved in MABK inequalities and a complete set of Bell’s inequalities for full
correlations is known as Werner-Wolf-Zukowski-Brukner (WWZB) inequalities
(Zukowski and Brukner, 2002; Werner and Wolf, 2001). Here by complete it
means the set of WWZB inequalities is a necessary and sufficient condition
for a LHV description for full correlation functions in standard Bell-type ex-
periments, in which each local observer can choose between two dichotomic
observables. However even for this complete set Zukowski et al. (2002) showed
that WWZB inequality cannot be violated by all entangled pure n-qubit states.
Indeed in the case of odd number of qubits and sin26 < 1/v/27~1, the above
mentioned generalized GHZ state does not violate any n-particle correlation
Bell inequality. A breakthrough was made by Chen et al. (2004) who showed
numerically that all 3-qubit pure entangled states violate a Bell inequality for
probabilities. As to higher dimensional systems, Gisin and Peres (1992) proved
that all the entangled pure states of two qudits also violate the CHSH inequality
and an alternative proof is given by Chen et al. (2008).

In (Hardy, 1992) he gave an argument of nonlocality without inequality
for two particles and he showed (Hardy, 1993) that any pure entangled two-
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qubit state except maximally entangled states exhibits this type of nonlocality,
namely, Hardy’s nonlocality, which was extended to n particles by Pagonis
and Clifton (1992). Based on Hardy’s proof of nonlocality without inequality,
Mermin formulated Hardy’s inequality for two qubits (Mermin, 1994). Later
Cereceda (2004) generalized Hardy’s inequality to n qubits case, and found
a rather interesting result that all entangled generalized GHZ state violates
Hardy’s inequality. By classifying the canonical form of three qubit state into
different classes, Choudhary et al. (2010) gave an analytical proof for Gisin’s
theorem for three qubits by using Hardy’s nonlocality and Hardy’s inequality.
Very recently, Wang and Markham (2012) showed the nonlocality for all en-
tangled permutation symmetric states via Hardy’s inequality. All these results
indicate that Hardy’s inequality is a promising candidate for proving Gisin’s
theorem.

Most recently, we (Yu et al., 2012) have proved Gisin’s theorem in its most
general form by showing that all the entangled pure states violate a Hardy’s
inequality, which has two different measurement settings for each observer. In
this paper, we give more details on the proof, especially we show the detailed
proof for the general 2-qubit and 3-qubit entangled states as examples. Also
we calculate the violation of Hardy’s inequality on some important states such
as generalized GHZ states, Dicke states. Moreover, we show how Hardy’s
nonlocality proof without inequality can be viewed as a state-dependent proof
of quantum contextuality in the spirit of Kochen and Specker (1967).

This paper is organized as follows. In Section II, we give a brief introduc-
tion to Hardy’s nonlocality proof and Hardy’s inequality. Specially we shall
construct a state-dependent proof of quantum locality out of Hardy’s argu-
ment. In Section III, we prove that all entangled n-qubit states violate Hardy’s
inequality. By introducing the concepts of magic basis and magic subset for
each given pure n-qubit state, we can divide all pure states into two overlap-
ping subsets, namely Bell scenario and Hardy scenario. For each subset we
make different ansatz on the measurement settings and manage to obtain the
desired violation. In Section IV, we extend the proof for the case of n qudits.
In Section V, we present some important examples such as generalized GHZ
states, Dicke states, and general 2-qubit and 3-qubit entangled state etc. We
end with a summary and some discussions.

2. Hardy’s nonlocality and Hardy’s inequality

Consider a system composed of n spacelike separated subsystems that are
labeled with the index set I = {1,2,...,n}, and for each subsystem k € I
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we choose two observables {ax, b} taking binary values {0,1}. Hardy’s argu-
ment for nonlocality without inequality claims that the following statements
on probabilities of n + 2 events

(br)e =0, {(brap)e=0 (Vkel), {ar)e>0 (2)

cannot hold simultaneously in any LHV theories. Here we have denoted a, =
[I;ecq ar and by = [liea by, with b, = 1 — by, for an arbitrary subset o C I
and k = I\ {k} for arbitrary k¥ € I. In any LHV theory the value, e.g.,
a@ = 0,1, of an observable, e.g., aj, of a subsystem, is determined by some
hidden variables A and is independent of the choices of the observables of other
subsystems. The hidden variables are distributed according to some probability
ox and, since we consider binary observables, the average of an observable, e.g.,
{ar)e = [ dXoxT1, a}, is exactly the probability of finding all the observables
ay, taking value 1.

Hardy’s argument for nonlocality goes as follows. In any LHV theory from
the first claim in Eq.(2) it follows that it is impossible to find all observables
br with k € I taking value 0, meaning that there exists at least one k € I such
that b} = 1 for some hidden variables A with a nonzero measure. The second
statement in Eq.(2) claims that for any given k and for any hidden variable A
(of measure 1) at least one observable among by, and a; with ¢ # k will take
value 0. As a result for any hidden variable A at least one observable among
ar, with k € I will assume value 0 and the last statement in Eq.(2) cannot be
true.

Hardy’s nonlocality proof can also be regarded as a state-dependent proof
of quantum contextuality for n qubits. Consider the following (n + 1)2™ + 1
rays, i.e., one dimensional projectors

o = @ lai){ail,

iel
Puir = Q1bi)(bil,
icl
br = Q) )bl Qi) (bil, TCI,
i€I\T i€T
ok = @lai)(al Q) lai) (@il Q) 1ox) bxl, o S,
i€ i€k\a
fag = Qlai)ail @ lai)(@| @) lbe)(bel, <k, 3)
i€a ick\a

together with an additional ray 7 that is orthogonal to all 75, (k € I) and 7,41,
and not orthogonal to 7p. Such a ray can always be found as long as 7 is
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linearly independent of 7z, (k € I) and #,4+1. Now we try to assign values
v: 7= o(F) € {0,1} to the above (n+ 1)2" + 2 rays according to the following
KS value assignment rules:

1. Orthogonal rays are not assigned to value 1 simultaneously, i.e., v(#)v(#') =
0if 7 L 7

2. In a basis there is always a ray that is assigned to value 1, i.e., > v(7q) =
1if 7o form a basis ), 7o = I and 7o L 75 if a # B.

In addition value 1 is preassigned to two rays 7 and 7, which is justified by the
fact that they are nonorthogonal so that it is possible to preselect the system
in the state 7 and postselect the system in the state 7p. Then we can get a
contradiction as follows. From v(#) = 1 and 7 L rp4q, 7 L 7f;, it follows that
V(fp41) = 0 and v(7g;,) = 0 for all k € I according to rule number 1. Similarly
from v(7g) = 1 it follows that v(fa ) = 0 and v(fe ) = 0 for all a C k, k € I.
For a given k € I, the set Uac;;{fa,kvia,k} forms a basis, taking account the
above results v(fg ) = V(o) = v(tar) = 0 for any o C k and rule number
2, we obtain U(f,;}k) =1 for any k € I. According to KS rule 1 we deduce that
v(br) = 0 for all T C I since by L {5, for any k € T. Since Urcr by Ui
forms a basis, finally we obtain v(#,4+1) = 1, a contradiction. As a result in
any noncontextual theory the Hardy’s nonlocality relations (2) cannot hold
simultaneously.

Interestingly, Hardy’s nonlocality proof without inequality (2) also gives rise
to a Bell inequality, which is referred to as Hardy’s inequality. Bell’s inequality
is derived under the assumption of locality and realism. Equivalently it can
be derived under the existence of a joint probability distribution of all the
observables. Let us denote

H:affl_anbka,;. (4)

kel

and, since arb; < by and aby, < by, we have
(H)e < {ar(1=br =) bx)) <0 (5)
kel

with the last inequality ensured by the fact that 1 — by = Vjerby < > her bk
Hardy’s inequality is a Bell’s inequality for probabilities and, as it stands, is
applicable for a system of n particles each of which may have a different num-
ber of energy levels. For example, two particles and three particles Hardy’s
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inequalities read,
(aras — biby — arby — braz). <0 (6)
<a1a2a3 —b1babs — ayazbs — ajbaaz — b1a2a3>c <0 (7)

Hardy’s inequality can also be expressed in terms of correlation functions. If
we let A; = 2a; — 1,B; = 2b; — 1 with A;,B; € {—1,1}, Eq. (6, 7) can be
written as

(A1Ay — B1By — A1 By — B1Ay). < 2, (8)
(A1A2As + B1 B3B3 — A1 Ay By — A1 BoAg — B1AgAg). —

(A1B2 + B1As + A1Bs + B1As + A2 B3 + Bo Az + A1 + As + As).
<3. 9)

For a given entangled pure state |¢)) of n particles, also labeled with I, to
violate Hardy’s inequality Eq. (4) one must find out two measurement settings
{|ak), |br)} for each particle k € I such that

(Hyy = [(lar) = [ br)[* = [{wlaghe)* > 0, (10)

kel

where |ar) = ®rerlar)r, |br) = @rer|br)r with |by)s being orthogonal to |bg ),
and |agby) = Qizkla;); ® |bg)k. Hardy’s nonlocality proof, in which the mea-
surement settings are so chosen that only the first term of (H),, is nonvanishing,
provides a natural violation to Hardy’s inequality. However not all entangled
pure states, e.g., maximally entangled bipartite states (Hardy, 1993) and a
subset of 3-qubit states (Wu and Xie, 1996), can have Hardy’s nonlocality
proof. On the other hand Hardy’s inequality, being equivalent to the CHSH
inequality in the case of two particles as seen from Eq. (8), is violated by all
the entangled pure bipartite states (Gisin, 1991; Gisin and Peres, 1992). The
analytical proof of Gisin’s theorem for 3 qubits (Choudhary et al., 2010) is also
based on Hardy’s inequality, which is found to be violated by all the entangled
symmetric pure states of n qubits (Wang and Markham, 2012). Here we shall
demonstrate that Hardy’s inequality is violated by all entangled pure states.

3. Violations for qubits

In this section we prove that Hardy’s inequality is violated by all entangled
pure states for qubits. Firstly we introduce two useful concepts, magic basis
and magic subset for a given pure entangled state. According to the magic
subsets all the pure states fall into one or two subsets called Bell scenario and
Hardy scenario. For each scenario we manage to find out the measurement
settings that will lead to the violation of Hardy’s inequality.
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3.1 Magic basis and magic subset

We define a computational basis {|0n1a)}acs of n qubits to be a magic
basis for |1}, if the coefficients h, = (9|04 15) in the expansion

) = 3 A l0ala) ()

aCIl

satisfy the conditions

L. h1 #0
2. hy =0forall k € I with k =1\ {k}.

For example, {|000), |001), |010), |100), |011),|101),|110),|111)} forms a magic
basis for generalized GHZ state cos6]|000) + sin#|111) while does not form a
magic basis for the state (|000) + [001) + |010))/+/3. As to n qubits example,
{|0a1a) }acr forms a magic basis for generalized GHZ state cos 0|0;) +sin 6|1;)
but not a magic basis for the state oc [07) + 3,/ [051z).

By a suitable choice of the local basis for each qubit, a magic basis can
always be found. For example we can construct a magic basis for a given pure
state |1) with the help of its closest product state |pr) = Qrer|pk)r whose inner
product with [¢) is the largest among all possible product states. The closest
product state always exists, albeit difficult to find, and makes the definition of
the geometric measure of entanglement (Wei and Goldbart, 2003) possible. Let
|Dr)i be the state orthogonal to |py)s for each qubit k € I, then {|papa)}tact
is a magic basis for [¢)). This is because |hr|> > 0 and if there were a k € T
such that hy = (Y|pgpPr) # 0 then, by introducing a normalized single qubit
state [@)x o< hf|pr)r + hi|Dk)k, we would have [(|pgdr)|? = |hg|* + |hs]? >
|hr|?, which contradicts the definition of the closest product state as |pp¢ox)
is a product state. The magic basis for a bipartite state coincides with its
Schmidt decomposition. In general the magic basis for a given pure state is not
unique and the one obtained from the closest product state only provides us a
possibility.

Under a magic basis for an entangled pure state |¢) there is at least one
a C I such that h, # 0 and we introduce a nonnegative integer

m:mgé(\od, C ={a CIlhy # 0} (12)

for each pure state. We refer to a subset A € C with |A| = m as a magic subset
for |¢), which may not be unique. For a magic subset A it holds h4 # 0 while
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ago  ak1  byo b1 bio b1
keA 1 0 —siny cosy cosy sinvy _
keAd 1 0 q r —r* q } m=mn=2
keA 1 0 Ck z—11-2" ¢
keSS 1 Y 1 yz  —yz* 1 }m<n2
k=v e 1 -1 f f* 1

Table 1: Two measurement settings |ax) = aro|0)r + ar1|1)r and |bx) = bro|0)k + br1|1)k for each
particle k € I for pure states in the Bell scenario m = n — 2 (upper half) and the Hardy scenario
(lower half) m < n — 2. For each k € I state |bk)r = bro|0)x + br1|1)x is orthogonal to |bx)x.

hp =0 for any B C I with |A| < |B| < n. On the other hand, in a magic basis
of |1} if the collection C is not empty then the state is entangled because local
projection to |0)) to each qubit k in a magic subset A will leave those qubits
in A in a generalized GHZ state with nonzero coefficients h; and h 4, which is
obviously entangled. By the definition of the magic basis we have m < n — 2.
For example for the generalized GHZ state cos 0]000) +sin 0|111)(0 < 0 < 7/2),
one obtains C = {0}, m = 0, thus A is the empty set (). Another example is that
for the state (J000) +[011) +|101) +[111))/2, one gets C = {0, {1}, {2}},m =1,
thus A can be {1} or {2}.

3.2 Bell scenario

If m = n — 2, i.e., there exists A C I such that hy # 0 with |A| =n —2
and I = AU A, we refer to this case as the Bell scenario. In the upper part of
Table.I two measurement settings {|ax), |bx)} are specified for each qubit k € I
with qubits in A or A having the same pair of measurement settings, where

lar) = ) law)r = [01) (13)

kel
—siny|0r) + cos y|0z1%) (ke A)
lagbe) = &) la) @ [be)r = (14)

ek ql07) + 7|05 1x) (ke A)
br) = Qb =) (COSW\OM + Sillv|1>k> X ( =770} + q|1>z>
kel keA €A
= Y (cosy)Plsiny)m Il (—rm)lelg2 Tl 0g 0 1505).  (15)
BCA,aCA
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As a result we have (¢|ar) = hy and (¢|agby) = —sinyh; if k € A while
(¢lagby) = qhs if k € A, where we have used the fact that in the magic basis
hip = (¥|031x) = 0 for arbitrary k € I. For the sake of convenience, we
define ¢ = VA/(1 + \) and 7 = ie=/2\/1 — ¢2 with A\ = |ha/h;| > 0 and
ha/hr = Aet?. Taking into account these definitions in addition to the fact
that kg = 0 for all k € I and A has only two elements, we obtain

(H)y = [hr]*(1 = 2¢* — (n — 2)sin®y) — [(w|br) [, (16)
where
Wb) = (hr(=r")? + ¢*ha) cos™ y
b (eosm)Pl(sina) ol g,
BCA,aCA
h[@w m - m—k (. k
= ST + Z(cosw) (sinvy)
k=1
Z (—r*)zhﬂug —1r%q Z hgow +@*hs | . (17)
BCA,|Bl=m~k vEA

If v = 0 we already have a violation
(H)gly=0 = lhah|?/([hal + |h1])* > 0, (18)

and in this case two measurement directions for qubits in A become identical.
To have a nondegenerate pair of measurement settings we notice that (H)
is a continuous function of 7 and there exists some small ¢ # 0 such that
(H >w|7:e > 0.

For example, consider three-qubit states, in Bell scenario the states can be
written as [1) = h}|000) +7%|011)4-- -, and |ar), |azby) and |br) are as follows:

laaa) = ]000),

laab) = 100) ® (q/0) +r[1)),

laba) = 10) ® (¢|0) +r[1)) ®|0),

jbac) = (= sinA|0) + cos 1)) @00),

[bbb) = (cos|0) + sinvy|1)) ® (—r*[0) +ql1)) ® (=r7|0) + q[1)).
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If v = 0 we have:

(Ylaaa) = hp,

($laab) = hiq,

(Ylaba) = hig,

(Y|baa) = 0,

. o h
(|bbb) = QH—IA (19)
Therefore,
2 2
(HY glymo = rf20 — 2g?) — AME_hahil” o)
bl

(1+2)2  (lhal + [h1])?

3.3 Hardy scenario

If m < n— 2, ie., there exists A C I with |A| = m such that h4 # 0 while
hp = 0 if m < |B| < n, we refer to this case as the Hardy scenario because
the state exhibits Hardy-type nonlocality: the measurement settings can be so
chosen that only the first term in Eq. (10) is nonzero. Consider the partition
of the index set I into 3 disjoint subsets I = AU S U {v} with an arbitrary
vEAand |S|=s=n—-m—12>2.

First of all, we shall show that (|a;) = y*ha(1l — 2). According to the
lower part of Table. I we have

lar) = @ lar)x

kel

= 100 & (100 +yl1)i ) @ (€0 + 1))

keS

= D yogmtenn) +e > y"M0515) (21)
BCS BCS

with normalizations neglected, determined by a real parameter y # 0 and a
complex parameter z # 1 together with e = —hay®°z/h;. Because A C fUwv #
I for B C S we have n > |[fUv| > |A| = m and thus hggy; = 0if 8 # S
while hggy = ha. Because A C B # I for any nonempty § C S we have
n > |B| > |A] = m if 8 is not empty and thus hz = 0 if 5 # 0 while hj = hy.
Considering e = —zy*ha/hr we obtain

(Ylar) = y°ha + ehr = y*ha(l — 2). (22)
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Secondly, we shall show that (¢|agbg) =0forallke I = AUSUw.

I) If k = v then

lazby)

® ‘al>l ® |b’u>v

lev

= 100) @ (10 + /1)) @ (= 10} + F11).)

les

= >y (fl0gmtau) — 10514)). (23)

BCS

Since hzg,; = 0 for arbitrary 8 C S and hz = 0 for arbitrary nonempty 8 C S

we obtain
<1/}‘a17b’u> = yShAf —h; =0, (24)

ie.,

f=hry*/ha. (25)

II) If k € A we have

o) = @lan) ® i)k = 10av) @ (cxl0hs + (= = D))
lek
& (100 + yi1he) @ (eloya + 1))
kesS
= cglan)+
(Z - 1) Z y‘m (|Oﬁu{k,v}lﬁu{kﬂ/}> + e‘omlﬁuk>> (26)

BCS

If || < s we have [BUk| =n —|B] =1 >n—s—1=m and thus hzg; = 0. If
|8] < s —1 we have \ﬂu{k,v}\=nf|6\72>mandthushm=0. Asa
result
Wlaghe) = efvlar) + (== 1) S 9 (b + el
BCS
= (jkysh/A(l — Z) + (Z — 1)y5 <}Lm+ ehm)

s—1
+(z—1)y > hasgar

BCS,|B|=s—1
have  ehiakue havk)ur!
= v’ha(l—2)|cp — — — ———— — ~OVER
y*ha ) < " Tha ha k'ze:s yha
= 0, (27)
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where we have used the fact that 8 C S with |3] = s — 1 is equivalent to
B =S\ Kk with k¥’ € S. Therefore,

h . h h .
o = Z AUk Ak avkue

28
bes yhA h/A h] ( )
for k € A.
II) If k € S we have (from the lower part of Table I)
lagbe) = Q) la)i @ |bi)i = 04) @ <|0)k +yz\1>k>
lek
& (100 +yl1)) @ (eloh + 1))
1eS\k
= |ar)+
y(z—1) Y o (e\omlﬂuw + |0m15u{k,v}>>- (29)

BCS\k

Since 8 C S\ k we have [3| < s — 1 and thus hzg; = 0 for all 8 C S\ k and
}LW:O for all 5 C S\ k. As a result

(Ylagbe) = (Ylar) +y°(z = 1ha = 0. (30)

Thirdly, according to the lower part of Table I we have

brl = Qile = @ ({011 = 2) + (Uncr)

kel keA
& (-~ Oz + (1) @ (LS + {11,)
les
- Z <<0auﬁ1m| + (0ausuv l5oE0s! f)
aCA,BCS
(y2)P1 =2 ] @ (31)
keA\a
and therefore
(brl) = Z (hZUﬁJrfh(’;uﬁUv)(fyz)lﬁ\(l,Z)\a\ H ck
aCA,BCS keA\a
= > (hj%uzi + fhﬁxuzmj) (—y2)Pl(1 = 2)™
BCS
+ Z (hZUB + thuguu)(—yZ)‘ﬁ'(l - Z)‘O“ H Ck
aCA,pLes keA\«
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- (h,’;‘ n (7yz)sfh§) 1—z)m

hih® s

+ (Zuﬁ""%) (_yz)lﬂ\(l_z)\a\ H Ck

Yy ha
aCA,BCS kEA\a
_ (e oJhal? m
= (m+ i) a2
A
1
+ PO RACDLIEDL | ISNC 2

aCA,BCS 0=0 keA\a

where in the third equality we have used the fact that for 3 C S hayg # 0
if and only if § is empty while haugu, # 0 if and only if 3 = S and in the

fourth equality we have introduced Ggg = hjg and GS/; = hrh} g0,/ ha- To
proceed we calculate

hiaveyor: hae  haryue
Hck:H<Z +hA7y hlz

h
kEA\a keA\a \kes JNA

h ,
-y [ m e

wi,w2CA\a \k€(A\a)\(w1Uws) k'ES

w1 Nwa=0
heavkue haw | _(=y°z) !
< H hI H hA y|A\(x|7\w1Uw2\ : (33)
kEw; kEws

Suppose |w1| = t, |wa| =14, |B] = p, and |a] = m — u. Because 8 C S we have
0 < p < s and because houg = 0 if |a U 8] > m we have p+m —u < m, ie.,
p < u. Furthermore we have 0 <i <w and 0 <t < u — i due to the facts that
wy C A\, wy Nws =0, and we C A\ ). Moreover since &« C A we have
u # 0. We denote D = {(o,p,u,i,t)[0 <p<s,p<u<m0<i<u0<t<
u—14,0 = 0,1}. By substituting Eq.(33) into Eq.(32) we obtain

A * s ‘h1|2 m
<b1|"/}> - hA+(*Z) T (1*2)
A
= Z yt(s+1)+p+17ufas(7Z)t+p(1 7 Z)miu
(o,pyu,i,t)€DN{uz#0}

o h ,
Y Yar ¥ My e

aCA  BCS wi,wrCA—a,wiNwa=0 \ke(A\a)\(wilw2) k'ES
laj=m—u |B8|=p |wi|=t,|wa|=1

(H h(A\k)Uv) (H hA\k)

kEw: hI kEws hA
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= Z yt(s+1)+p+i—u—as(_Z)t+p(1 )m u F(”)

puit® (34)
(o,p,u,i,t)eDN{u#0}

From the fact that u =0 leads top =t =17 =0 and F(()((J))oo =hy, F((]%])oo =0, we
have

(bily) = (hz+h7<f )Sf)(lfz)m
+ Z \ﬂl )‘a‘ (h<xu,(3+fhauﬂUv H Ck

aCA,BCS kEA—«a
P m
= (=2)°(1—2)
ha
+ Z y t(s+1)+pti—u—os F(“’) ( Z)H»p(l _ Z)m—u

puit

(0,p,uyit)€D
(m+1)s

= Z ykLk(z), (35)

k=—m-—s

where we have denoted

h /
o ¥ Td % [yl

aCA  BCS wi,w2 CA\a,w1Nwa=0 \k€A\(aUwiUws) k'€S
lal=m—u|B|=p |wi |=t,|wa|=1
h«A\k)w) ( H hA\k)
ITI —+ (36)
(kEwl hI kEws hA
with G&Og = h},,5 and Gaﬁ = hrh} g5,/ ha- If we denote Do = {(0,p,u,1,t) €

Dlu—i+o0s=1t(s+ 1)+ p} then

n—1

FY e St on

(o,p,u,i,t)EDy k=0
Finally we note that, since t+¢ < u < m, p < s, and ¢, p,7 > 0, we have bounds
—m—-—s<—-u—s<t(s+1)+p+i—u—os<ts+p<(m+1)s (38)

with upper and lower bounds attained by {t = u = m,i = 0 = 0,p = s} and
{t =p=1i=0,u=m,o =1}, respectively.

We shall prove via reductio ad absurdum that there exists nonzero y = yo
such that the algebraic equation (br|t)) = 0 of z has one root z = 29 # 1. If
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all the roots of (br|1)) = 0 were equal to 1 for any y # 0, then (b;|¢)) as a
polynomial of z of degree m + s = n — 1 would be proportional to (1 — z)"~1
and thus all the coefficients L(z), especially Lo(z), would be proportional to
(1—2)"~! since {y"}22 __ are linearly independent. On the one hand we have
ln_1 = |h1|?/ha and l,_5 = ml,_; for Ly(2), taking into account the facts that
n—2 > m and the sum term in Eq. (37) as a polynomial of z is of degree at most
m because t+p < win Dy sinceu > pfort =0andu—t—p=i+(t—0)s>0
with ¢ = 0,1 for t > 1. On the other hand for (1 —2)""1:= Z;é U(=2)k we
have I],_o/ll,_1 =n—1>m=1,_5/l,_1, a contradiction.

Taking into account the normalization of |ar) and parameters yo and zg
determined above we can obtain the desired violation

lyshahi(1 — z)|
L+ y3)* (Iha? + lyghazol?)

(H)y = ( > 0. (39)
Two measurements directions in Table.I may become identical for a qubit k € A
if ¢, = 0, for all the qubits in S if z*y? = —1, and for qubit v if f* = e, i.e.,
—|h1]? = |ha|?y%sz. In these cases the degeneracy can be avoided by replacing
bro with brg + x, where x is a real variable, while keeping yo and 2y unchanged.
Since (H), depends on x continuously and (H)y|z=0 > 0, there exists small
€ such that (H)y|z=e > 0 while two measurement directions are different for
every qubit.

For example, consider three-qubit states, in Hardy’s scenario the states can
be written as [¢) = h}[000) 4 hj[111) with hy # 0. Let yo = 1 we have the
following unnormalized measurement settings:

_hoz

laga) = (10) + 1)) @ ([0) + 1)) ® (=7=10) + [1)),
laab) = (|0) + 1)) @ (10) +[1)) ® (=[0) + %IDL

|aba) = (|0) + |1>)®(|0>+Z|1>)®(*hhif|0> +11),
lbaa) = (|0) + 2[1)) @ (|0) + |1>)®(—%Z|0> +11),
[bbb) = (=2"|0) + 1)) ® (=27|0) + |1>)®(%\0>+ 1)
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Therefore, we have:

h
(Vlaoa) = hr(=3 1)z +hy = ho(1-2),
h
(Plaab) = —hy+hg— =0,
hg
hy
(Ylaba) = —hr—z+ hpz =0,
hr
(lbaa) = th@z + hpz =0,
hr
. h*
(1|bbb) = h,(z*)Qh—i + hy. (40)
0

In order for (¢|aaa) # 0 and {(|bbb) = 0, we can choose zg = —i|hgy|/|hs].
Thus, we have a violation of Hardy’s inequality.

To sum up, for a given entangled pure n-qubit state 1) to violate Hardy’s
inequality we need only to find a magic basis and a magic subset A for |¢)) and
choose one set of the measurements defined in Table 1 according to whether
|A] = m equals to n — 2 or not.

4. Violation for qudits

Now we consider n qudits, also labeled with I, each of which may have a
different number of energy levels. For a given pure n-qudit state |[¢)) a magic
basis can be defined similarly as in the case of qubits from its closest product
state [pr) = Qrer|pr )k satisfying [(]|p)|? < [{¢|ps)|? for any product state |p).
We denote by C the collection of oo C I such that for each k € & there exists a
qudit state |py)x orthogonal to |pg)x such that (¢¥|papa) # 0. As long as [¢)) is
entangled the collection C is nonempty and vice versa and therefore the integer
m = maxyec | is well defined such that

i. There exists a magic subset A C I with |4| = m such that hy =
(¢lpapa) # 0 for some single qudit states [py)s orthogonal to [py) for
each k € A with |p) 1 = ®pealPr)r;

il. For every subset B C I with m < |B| < n it holds (¢|ppég) = 0 for
all single qudit states |¢g)r orthogonal to |pg)r for each k € B with
IpB) = @keplpr)k and [$5) = Qe pldr)k-
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Figure 1: (color online). Violation of Hardy’s inequality for W states (k=1) with 3 < n < 10.

Also we have m < n—2 because if there were k € I such that h, = (¢|pj¢r) # 0
for some qudit state |¢)) orthogonal to [py )y, then we would have |(¢|pp¢})|? =
|hi|? + [hz* > |hs|? with normalized state |¢'), o< hjlpi)x + hi|¢)r, which
contradicts the definition of the closest product state as |p;®),) is a product
state.

For each qudit k € I we take |py)), to be |0)x and for each qubit k € A we
regard |pr)k, as it appears in the definition of the magic subset A (item i), to be
[1); while for each qubit k € A we take an arbitrary qudit state orthogonal to
|pr)k to be |1). Thus we have picked out two orthogonal states for each qudit
with the help of which we can locally project n qudits to an n-qubit subspace.
Within this local n-qubit subspace we have effectively a set of n-qubits in a
projected state (not normalized in general) in its magic basis with a magic
subset A satisfying hg = 0 as long as |A| < |B| < n. By choosing exactly the
same measurement settings as specified in Table 1, we can obtain the desired
violation to Hardy’s inequality for an arbitrary entangled pure n-qudit state.

5. Examples

5.1 The n-qubit Dicke state

The n-qubit Dicke state

150 = —— 3" 10ala) (41)

%) lal=k
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Figure 2: (color online). Violation of Hardy’s inequality for generalized GHZ states with 3 < n <
10. The green line stands for # = 7 /4, and the blue line stands for 6 = /8,37 /8.

with 0 < k < n belongs to the Bell scenario in the magic basis {|paPa)}tacr
determined by its closest product state [p)®™ with |p) o vE|0) + v/n — k|1)
and |p) orthogonal to |p). The magic subset A is any subset of I with n —2
elements. Moreover, we have

2 (n) EF(n — E)nF (42)

k nn

and hy = —hy/(n—1) < 0 together withg = v/n — 1/nandr = vn? —n+1/n,
which lead to a violation 2

(H)s, = ;é
in the case of degenerate measurement settings v = 0. We show the W states
(k=1and n > 3) as example. Fig. 1 shows the violation of Hardy’s inequality
for W states with 3 <n < 10.

(43)

5.2 The generalized GHZ state

The generalized GHZ state
lY)arz oc hilOr) + hyllr) (44)

with hrhy # 0, which is already expanded in a magic basis with the magic
subset A = () and m = 0, belongs to the Hardy scenario. By taking yo = 1 the
algebraic equation

(brle) o |hgl* + [hr|*(=2)" " =0 (45)
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has a nonunital solution
20 = =™/ (|hg| /s ])?/ D, (46)

which leads to a violation as given in Eq. (39). Let us take [¢))ggz = cos6|0r)+
sinf|17) as example. We have show the violations of this generalized GHZ state
with # = 7/8,7/4 and 37/8 in Fig. 2.

5.3 The pure n-qubit state

As the third example the pure n-qubit state
) o [0r) +10ala) + |11) (47)

with @ = {1,2} and n =45 + 1 for j > 1 belongs to both the Bell and Hardy
scenarios. First, the state is expressed already in a magic basis and the magic
subset is A = @ with m = 2 < n—2 since n > 5. By takingv = {n} and yo = 1

we have ¢, =0 for all k € A and f = 1,e = —z. Since zy = 7 is a root of
(brlv) oc (1= 2)* (1 + (=2)" %) =0 (48)
we obtain a violation i
() = 5 (19)

Second, if |0) and |1) are exchanged for each qubit then we obtain another
magic basis with a magic subset A = @ with m = n — 2; i.e., the state |1} also
belongs to the Bell scenario with a violation

(H)o = = (50)

since hg = hy = 1/\/§

5.4 Two-qubit pure states

Consider all the two-qubit pure states, we denote their closest product state
as |00). Under this magic basis, all the two-qubit pure states belong to the
following single case, the Bell scenario.

In this case, the state can be written as |¢)) = h7[00) + hj[11) with hg # 0.
Bell scenario has a simple violation of Hardy’s inequality in Eq. (18) with
~v=0. If hy = 0, the state is exactly |00) which is separable and cannot violate
any Bell inequalities.
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5.5 Three-qubit pure states

Consider all the three-qubit pure states, we denote their closest product
state as |000). Under this magic basis, all the three-qubit pure states belong
to the following two cases:

i) Bell scenario, i.e. m = 1, there exists A C I such that hy # 0 with
|[Al = 1 and T = AU A. In this case, the state can be written as |[¢) =
#1000) + h*%|011) + - - -, where |011) can also be replaced by |101) or |110).
Bell scenario has a simple violation of Hardy’s inequality in Eq. (18) with
v =0.

ii) Hardy scenario, i.e. m = 0. In this case, the state can be written as
[¢) = h7|000) + hj|111) with hg # 0, this state is the three-qubit generalized
GHZ state. The violation of Hardy’s inequality for the generalized GHZ state
has already been shown in the second example. If hy = 0, the state is exactly
|000) which is separable and cannot violate any Bell inequalities.

6. Discussions

In general Bell’s inequality is characterized by 3 parameters (n,m,d): each
of n observers measures m observables with d outcomes. CHSH inequality
belongs to the scenario (2,2,2) and it is complete for this scenario. MABK in-
equality is a generalization of CHSH inequality to multipartite systems but it
is not complete for (n,2,2) scenario. As a stronger inequality, WWZB inequal-
ity is a complete set of Bell’s inequalities for n-qubit correlations for (n,2,2)
scenario. However, even for WWZB inequality, there still exist some entangled
pure states which do not violate it. Hardy’s inequality also belongs to (n,2,2)
scenario however it not only contains n-qubit correlations, but also other corre-
lations less than n (n > 2). We have proved Gisin’s theorem by using Hardy’s
inequality and in this sense Hardy’s inequality is a more natural generalization
of CHSH inequality to multiparticles. This is not surprising because Hardy’s
argument for nonlocality without inequality is de facto a state-dependent proof
of quantum contextuality, which should manifest itself in any quantum state.
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